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Electric potential energy

Fig4.1.1 © Mike Sharp, Posted to The Cloud Appreciation Society on December 6, 2018.

A storm system over the Bahamas.

In nature, difference in potential energy between charges in the earth (or water) surface and
charges in the lower part of the so-called Cumulo-Nimbus cloud gives the well known discharge
effect shown in the figure.
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4.1 Introduction

In this chapter we consider the electric potential energy and in the next chapter we
consider the electric potential, which is simply the electric potential energy divided
by the charge. The electric potential energy and the electric potential are separated
into two chapters, number 4 and 5, in order to avoid confusion of the formulas and
because it would become a very large chapter if it became a single chapter.

Charges move through an electric circuit in the direction where their electric potential
energy per charge (i.e. the electric potential) decreases. Electric potential energy can
be stored in capacitors and it can be lost in resistors.

The understanding of electric potential energy is very important in order to
understand electrical circuits with resistors, capacitors, diodes, transistors and
batteries as well as many natural phenomena, e.g. a thunderstorm as shown in
fig.4.1.1.



4.2 The concept of work and potential energy

We start the chapter by defining the relationship between work performed by a
mechanical force and potential energy. Thereafter, the relationship between work
performed by an electric force and the electric potential energy is defined.

The basic definition of mechanical work

—p direction of movement

direction of movement

Fig.4.2.1. N.E. Dam ©. The concept of mechanical work. The figure shows that the
ball is pulled along a straight line from a to b. The path from a to b can also be a curve,

where dl points in different tangent directions along this curve. Furthermore, the
force can also vary in magnitude and direction along the curve from a to b.

Fig.4.2.1 shows the basic definition of mechanical work. The ball with the mass m is
pulled by the force F from a to b in the upper part of the figure.
When F pulls m the distance di we get the following work performed by the force F

—

dW,, =F -dl  eq.4.2.1
In more detail:

dW,, = F - di = |F||a)| cos® = dI {F cos 0} =dl {Fp}, 0= A(EI),F) eq.4.2.2
The work is the scalar product F -dl, whichis the projection of the force F on di times
the distance moved dl. The angle from dito F is denoted 0 . The parenthesis {F cos 6}

is the projection of F on dl and this projection is denoted Fy . If we replace the force F
by the projection Fp we get the same work. The unit is force times distance, N m =J.

To find the work performed by the force F when m is moved from a to b we integrate

b
Wab:f F-dl eq.4.23
a



According to mechanical physics, the work is equal to the drop in potential energy
Wab = - AUpot = - (Upot,b - Upot,a) = Upot,a - Upot,b  €q.4.2.4
Note, that the increase in potential energy is defined by
AUpot = Upot,b - Upot,a €q.4.2.5

If there is another external force E) acting on the ball, this force may pull the ball to

the left if it is strong enough to overcome the projection of the force F on dl as shown
in the lower part of fig.4.2.1.
The force that “wins” is the force that has the largest projection on the horizontal path.

In this case, it is Fgx which has the largest projection. The projection of the total force

on the road therefore to the left, i.e. the ball moves to the left from b to a and di points
to the left in the direction of movement.

When we calculate the work, dl shows the direction of integration, here from b to a. In
this case, fxtperforms positive work, as this force is to the same side (even in the
same direction) as di. At the same time F performs negative work as F is to the
opposite side ofdi.

The sign of the work

The sign of the work is positive if the force F is to the same side as the direction of the
movementdl and negative if the force F is to the opposite side ofdl .

The words “to the same side” is not the same as “in the same direction”, see fig.4.2.2
and the explanation below.

The angle 0 is the angle from di to F. This angle is positive in the upper half-plane (i.e.
the 1. and 2. quadrant) and negative in the lower half-plane (the 3. and 4. quadrant).

a. “Inthe same direction” means, that l_fo and di are coparallel, i.e. the angle 6 = 0.

b. “In the opposite direction” means, that 1_56 and dI are antiparallel, 8 =mor 6 = —m, in
concentrated form |6] = .
c. “Perpendicular” means, that 1_3)5 and dl or 1_3)7 and dl are orthogonal, i.e. 8 = g orf =— g ,

in concentrated form |0]| = g

d. “To the same side” means, that F is in the right half plane relative to di where the scalar
products l_fl -dl and 1_7)4 -dl are positive, i.e. —g <6< g

e. “To the opposite side” means, that F is in the left half plane relative to dl where the scalar
products FZ -dl and 1_53 -dl are negative, in concentrated form g <6l <mt.

1 The inequalityg < |8] < mmust be understood in the following way:
If 8 > 0 we may remove the absolute sign and we get the interval: g < 0 < 1 (second quadrant)
If 8 < 0 we should replace |6| by — 8 when we remove the absolute sign: g < —0 < 1. If we multiply by -1 we

should reverse the direction of the inequality signs: —g >0>-nmor—-n<O< —g (third quadrant).



<— Plane perpendicular to dl

Fig4.2.2. N.E. Dam ©. lllustration of “to the same side” and to the opposite side”.

The work performed b y}_T) is positive, if F is to the same side as dl
The work performed b y}_T) is negative, if F is to the opposite side of di
The work performed b yl? is zero, if F is perpendicular to dl

Work and potential energy when a ball is moving uphill or downhill

We consider the upper part of fig.4.2.3

Vector dl is parallel to the surface at the point where the ball is located, i.e. dlis
parallel to the tangent to the green curve at that point. The gravitational force F?, is
considered to be a sum of the following two forces:

° F; , which is the “normal-force”, is perpendicular to the surface at the point where the
ball is located. This force is counteracted by a reaction force —F_n) in opposite direction.
o ?gp) is the gravitational force projected on the surface.

In addition to the gravitational force F? we apply an external force Fgy; on the ball. If
the projection of the external force on the surface is larger than the projection of the
gravitational force on the surface (and in the opposite direction), then the ball will

move up the hill with vector di pointing in the direction of movement. At the same
time the potential energy of the ball increases and becomes maximum at the top of
the hill.

Then we consider the lower part of fig.4.2.3

If we release the ball and remove the external force Fgy,, then the gravitational force
F_g) acts alone and pulls the ball down the hill. The ball is accelerated by the
gravitational force on its way downhill and the kinetic energy is increased. At the same
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time the potential energy of the ball decreases. The work done by the gravitational
force is positive and will be equal to the drop in potential energy.

Fig4.2.3. N.E. Dam ©. Work and potential energy when a ball is pushed uphill.

The concept of a conservative system

Now let us assume, that we have a so-called conservative system without any
frictional loss. Such a system “conserves” the total amount of energy. The drop in
potential energy will be equal to the increase in kinetic energy:

- AUpot = AUkin = Upot,a - Upot,b = Ukin,b - Ukin,a =
Ukin,a + Upot,a = Ukin,b + Upot,b eq426

The sum of kinetic and potential energy is called the mechanical energy and it is
constant - or conserved - from a to b.

When a force F acts on a particle which moves from a to b, the work done by the force
is given by the previously stated curve integral

b
Wap =f F-dl eq.4.2.3
a

The work Wap done by a conservative force has the following properties:.

Wab = -AUpot (drop in potential energy)=AUxkin (increase in kinetic energy), eq.4.2.6
[tis reversible Wap = - Wha

It is independent of the path between aand b

It is zero, if the ball is moved from a to b and then back again from b to a.



4.3 Electric potential energy of a charge qo in a central E-
field from a charge q

'AUepot: Uepot - Uc pot

q 0 | E WExt

>0

qu W

direction of movement

Ext

e pot = Ue pota = Ue pot

Fig4.3.1. N.E. Dam ©. Calculation of the electric potential energy of qo relative to q. The E-field is
generated by q and is spherically symmetrical. The magnitude of the E-field depends only on r. The
direction of the E-field is radially away from q. This is a so-called central E-field.

The potential energy of a moving charge
We consider the upper part of fig.4.3.1

We consider a charge qo in distance r from another charge q . We imagine, that q stays
at the position r = 0 while qo is moving towards q. If both charges have the same sign

(both positive or both negative) then we must apply the force E to qo to overcome
the electric repulsive force F_E) and push qo towards g. This is analogous to the situation
where we push a ball uphill and overcome the gravitational force as shown in the
upper part of fig.4.2.3. If we push a positive charge qo towards another positive charge
q from position b to position a, we (i.e. the force E)) perform positive work (because
m is in the same direction as a‘)) when we overcome the repulsion force. When qo
arrives at position a, qo has a higher electric potential energy than atb.

Then we consider the lower part of fig.4.3.1

If we release qo at position a , the repulsive electric force does positive work on qo
when qo is accelerated away from q. At the same time the electric potential energy of
qo decreases.



This is analogous to the situation when the gravitational force pulls a ball downhill as
shown in the lower part of fig.4.2.3.

If we leave a ball to itself in a gravitational field, the gravitational force does positive
work and pulls the ball downhill while the gravitational potential energy decreases.
The work done by the gravitational force equals the drop in gravitational potential
energy. This is analogous to the situation for a charge in an electric field:

If we remove E) and leave a positive charge qoto itself in an electric field, the electric
force will be in the field direction and perform positive work on qo while moving qoin
the direction of the electric field while the electric potential energy decreases. The
work done by the electric force equals the drop in electric potential energy.

A negative charge qo will also move in the direction of the electric force but this force
is in the opposite direction of the E-field. However, qo will also move in the direction
where the electric potential energy decreases.

We conclude, that qo (positive or negative, initially at rest), will move in the same
direction as the electric force. It implies, that the electric force performs positive work
and the electric potential energy decreases. The direction of movement will be in the
same direction as the E-field if qo is positive and in the opposite direction if qo is
negative

If we compare the electric potential energy with the gravitational potential energy,
the electric potential energy is typically billions of times larger than gravitational
potential energy. Hence, for charges and atomic particles, we normally neglect the
gravitational potential energy and the gravitation force.

Below we will derive an expression for the electric potential energy outlined in
fig.4.3.1, where qo is in the central E-field generated by g.

Calculation of the electric potential energy

The word “central E-field” means that the E-field is generated by a point charge q
placed in the center of the coordinate system. The other charge qo is placed
somewhere else in a the central field generated by q .

The lower part of fig.4.3.1 shows that qo is moving radially away from q while the
electric potential energy Ue pot is decreasing. The electric force F_E) between q and qo is
the Coulomb force. Let us calculate? the work done by the electric force when qo is
moving from a to b:

b b
7.3 qqo 1 qqoe (1 1
Wap =] F-dl=] —dr = (‘—‘>=Uepot.a—Uepot,b eq 43.1
a a

4meor?  4mepl\a b
qqo (1 qqo /1
= Ue pota — FEO (g) and Ue pot,b = F{EO (B) eq. 4.3.2

If the test charge qo moves away from the charge q but along a different path, we get
the same work since the right side of eq.4.3.1 only depends on the distance between
g and qo at the starting point (a) and at the end point (b).

2 Section 1.2 of Chapter 1 shows how to calculate the integral

[For=le-] =f-gl-[-3l =35 w127
arzr—cra—cb c—2|=7"p eal2



The potential energy is always defined relative to a reference point, where Upot = 0. If
we look at eq.4.3.1 and eq.4.3.2, we may choose the reference point to be b = co and
choose the other point to be the variable point r = a. Then we have

b=00=Ugpor,pb =0 eq.4.3.3

q90
r=a= Wab = Ue pota — Ue pot — FSOI‘ eq. 4.3.4

If q and qo have the same sign, i.e. qqo > 0, see fig.4.3.2

The electric force on qo is to the right and qo moves to the right from a=r to b=oo and

radial away from gq. We assume, that we have no other forces than the electric force.

Ata=rwe have U; por = % .Atb=oo we have Uepot = 0. Hence, the electric potential
0

990
TEYT

energy decreases from 7. - to zero. The work done by the electric force when qo

moves from r to o is positive, because the electric force ﬁ and the displacementa‘)
are in the same direction. A positive work means a positive drop (a real drop) in the
electric potential energy.

If we were to push qo from oo to r, the work done by us would also be % .
0

This work is also positive, because the external force E exerted by us on qo is in the
same direction as the displacement dr. At the same time the electric force performs
negative work since the electric force is in the opposite direction of the displacement.
The electric potential energy is then increasing.

In conclusion we have:

o Uepot = ;ZZr is the electric potential energy when qo is at the distance r from q.

This equals:
o The work done by the electric force when qo moves away from q, from r to co or
e The work done by us if we exert an external force Fi,.; on qo and push qo from oo tor

If g and qo have opposite signs, i.e. qqo < 0, see fig.4.3.3

Now the electric force of qo is to the left as qois attracted by q. If qo is moved to the

right (by some external force Fgy.) the electric force performs negative work. This

means that we have a negative drop (i.e. an increase) of the electric potential energy

when qo moves from a to b or from r to oo. The electric potential energy increases from
940

a negative value of U, ,,or = ey at distance r to zero at distance co. At the same time
0

we (i.e. the external force E) would have to perform positive work when we push
qo from r to co.
This positive work is called the binding energy of qo in the central field from q.

The electric potential energy of qo is always defined in relation to at least one other
charge q. Section 4.4 describes the electric potential energy of qo in relation to several
other charges q1, q2, g3, ...



Ue pcﬁ(r)

qo>0
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Fig.4.3.2. N.E. Dam ©. The change in Uepor when the test charge qo is moving away from
the larger charge q. The two charges have the same sign, i.e. qqo>0.

Fig.4.3.3. N.E. Dam ©. The change in Uepor when the test charge qo is moving away from
the larger charge q. The two charges have opposite signs, L.e. ¢qo<0.
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Electric potential energy whenq >0and qo <0

This is a very important case since it is fundamental to understand the principle of the
bond between two oppositely charged ions or between a negative electron and a
positive atomic nucleus. According to eq.4.3.4, the electric potential energy of qo
relative to q is expressed by

d9o
Ue pot = F €q. 4.3.4

ol

The numerator is negative. Hence the curve Ue pot(r) will be the same as in fig.4.3.3.
We must invest positive work to push the negative qo away from q. Thereby, Ue pot(T)
is an increasing function of r.

Now, it is recommended to solve Problem 4.1.

Ionic binding between two atomic ions

Fig.4.3.4 shows a positive and a negative atomic ion. As an example we consider Na+
and Cl-. A neutral Na atom has only one electron in its outer shell. Therefore, when it
loses this electron and becomes a positive ion, Na*, the outer shell will disappear and
the atomic radius will be reduced significantly meaning that the radius rna+ is much
smaller than rya.

A neutral Cl atom has 7 electrons in its outer shell. When Cl gains one more electron
and becomes a negative ion, Cl;, the atomic radius will not change very much, because
the outer shell will be the same as before. However, the outer shell becomes filled
because the number of electrons reaches 8, which gives a stable outer shell. The 8
electrons (or their wave functions) make a kind of resonance and their binding energy
to the nucleus will be relatively high.

The positive Nat and the negative Cl- ion will, of course, attract and approach each
other. The electric potential energy will be as shown in fig.4.3.3 or as the blue curve
in fig.4.3.5.

Each of the two ions have a negative filled shell of (8) electrons shown as the more
intense blue “core” inside the two ions in fig.4.3.4. The two negative “cores” will repel
each other. At the same time there will be an attraction between the positive and
negative charge at the outer part of the two ions. The electric potential energy due to
the repulsive force between the two negative “cores” is shown as the red curve in
fig.4.3.5. The repulsion force becomes stronger than the attraction force at short
distances. At long distances the attraction force is the stronger of the two forces. The
total electric potential energy due to the two forces is the sum of the blue and the red
curve in fig.4.3.5. The total electric potential energy, the orange curve, has a minimum
where the two opposite directed forces equal each other in magnitude. The center to
center distance between the two ions is then r = req.

If the distance becomes smaller, r < req, the repulsion force will dominate over the
attraction force, and opposite if the distance, r > req. This keeps the two ions at an
equilibrium distance of req = rna+ + rc-, which can be measured by using an X-ray
crystallographic technique if the material is crystalline.

The binding energy Ubinding is the energy (the work) that must be performed to remove
one ion (e.g. the negative ion) infinitely far away from the positive ion.
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Fig.4.3.4. N.E. Dam ©. lonic binding between a positive and a negative ion.
The ionic radii are as for Na* and CI (rna+=97 pm, rc-=181 pm).

pot, total

U

pot, attraction

Fig4.3.5. N.E. Dam ©. Electric potential energy for a system
consisting of a positive and a negative ion due to attractive and
repulsive forces between the ions. The total electric potential
energy has a minimum at an equilibrium distance r = req.

Binding between an electron and a nucleus

A very basic understanding of the binding of electrons to a nucleus may use the above
result for the total electric potential energy. The explanation below is very simple.
However, it may give an understanding of binding energy and “binding distance” for
electrons orbiting around a nucleus. Each electron has its own curve for the electric
potential energy as shown in fig.4.3.6. A more detailed description of this subject is
the issue of quantum mechanics or atomic physics. It is a very comprehensive subject
and is beyond the scope of this study of electrophysics.
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Fig.4.3.6. N.E. Dam ©. Electric potential energy
for a negative electron relative to a positive nucleus.

The electrons closest to the nucleus may have an electric potential curve like the
orange curve in the figure. The vertical orange line indicates, how much energy or
work it requires to excite such an electron an infinite distance away from the nucleus.
This is the so-called binding energy U, for electron number 1 in the figure. The
equilibrium distance between the electron and the nucleus is req,.

Electrons close to the nucleus (“core electrons”) have a very high binding energy.
Electrons at a larger distance from the nucleus (in “higher” shells) have a lower
binding energy.
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4.4 Electric potential energy of more charges

Electric potential energy when the charges q1, g2 and g3
are brought together from infinity

We want to calculate the electric potential energy associated with bringing q1, gz, g3
together from infinity. Electric potential energy is built up when the charges q1, g2
and g3 are brought together from infinite distances (on the left side of the blue plane
in fig.4.4.1) to finite distances (on the right side of the blue plane).

Situation a

The three charges
are infinitely far apart
from each other

ocation A (on the left side

f the plane) is infinitely far

vay from location B

Fig4.4.1. N.E. Dam ©. Situation a. The three charges qi, qz and qs are on the left side of the blue plane
meaning that they are at infinite distances from each other. The electric potential energy is zero.

To begin with, it is easiest to think of all charges as being positive charges. All the
involved electric potential energies will then be positive. However, the derived result
will also be valid for any combination of positive and negative charges.

Situation a

First we have q1, gz, g3 at infinite distances from each other (on the left side of the
blue plane in fig.4.4.1). The electric potential energy is zero.



Situation b

oOcation A (on the left side
the plane) is infinitely far
vay from location B

Situation

Fig4.4.2. N.E. Dam ©. Situation b. The two charges q: and q- are brought together from infinity.
The potential energy increases from zero to U;z.

Situation ¢

ocation A (on the left side

f the plane) is infinitely far

way from location B

Fig.4.4.3. N.E. Dam @©. Situation c. The third charge qs is brought together with q: and q_.
The potential energy increases from Uiz to Uiz + Uiz + Uzs.




15

Situation b

The two charges q1 and qz are now brought together from infinity. They now appear
on the right side of the blue plane in fig.4.4.2 indicating that they are at a finite
distance ri2 from each other. The potential energy increases from zero to U12.

{qlqz} eq.4.4.1
I12

U =Ue pot(quIz) = Ime
0

It means that the total electric potential energy for the whole system is increased
from O to this value as shown in fig.4.4.2.

Situation c

Finally, we take g3 and bring it from infinity to its position on the right side of the
blue plane, where g3 has a finite distance to qi1 and qz, see fig.4.4.3. Thereby q3
acquires electric potential energy relative to q1 and relative to qz. Thereby, the
electric potential energy increases by the two terms

d193 | 9293
Uiz + Uz = Ue pot(d1,q3) + Ue pot(d2,q3) = 41_[80{ e + = } eq.4.4.2
Now the total electric potential energy for the whole system is
1 (9192 | 9193 Q2Q3}
U U Uy =U = .4.4.3
12 t Uiz + Ups e pot 4n£0{ -~ + = + = eq

Note, that we have used the principle of superposition in the above derivation.
If we add more charges, we find

1 1 g
{CI1QZ+C11Q3+CIZQ3+‘_.}= qi9j

4me, 4mey L Ty
i<j

Ue pot — eq.4.4.4

I12 I3 I3

Remarks concerning the summation in the above equation eq.4.4.4

quq] eq
411E) 4 :

For simplicity we consider the sum in the case where we have only three charges
(with only three terms in the brackets), but the final result is valid for any number
of charges.

1
{ChQZ +Q1Q3 CIZQ3 }

Ue pot = 4me,

I12 I3 I3
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Fig4.4.4. N.E. Dam ©. Combining i andj in the
sum in eq.4.4.4.

If we include all combinations of i and j (i = 1, 2, 3 combined with j =1, 2, 3) we get
the terms shown in fig.4.4.4. There are too many terms here and we have to exclude
the following terms:

i =j corresponds to the interaction between qi and q; . It should not be included in
the sum. The electric potential energy is not defined for a charge relative to itself. It
should always be relative to other charges.

i >j gives the same terms as for i <j, and we should only include the terms once.
Therefore we choose either i > j ori < jin the sum. In this case, we have choseni <j
in the sum, i.e. only the green terms “survive”.
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The electric potential energy when qo is moved from infinity and
brought together with q1, 92, gs..

The following is a continuation of situation a, b and c described above.
Situation d

The three charges qi, q2 and g3 are on the right side of the blue plane in fig.4.4.5
meaning, that they are at finite distances from each other. The electric potential
energy of the system is Uiz + U13 + Uz23. An extra charge qo is infinitely far away from
q1, qz2 and g3, and does not affect the electric potential energy.

We now add an extra charge, the test charge qo . As long as qo is infinitely far away
from q1, gz and g3, the presence of qo does not influence the electric potential energy.
This is situation d shown in fig.4.4.5.

Situation d

cation A (on the left side
the plane) is infinitely far
vay from location B

Fig.4.4.5. N.E. Dam ©. Situation d. The three charges qi, gz and qs are at finite distances from each
other. The charge qo, infinitely far away from qi, gz, q3, does not affect the electric potential energy.

Situation e

The test charge qo is now moved towards q1, gz, g3 and placed at some position with
finite distances relative to q1, qz, q3 as shown in fig.4.4.6. Thereby, qo acquires
electric potential energy relative to qi1, qz and g3 . It gives qo the electric potential
energy

Ue potqe —

1
{QO% + do92 + quS}

.4.4.5
4me, ed

Toq To2 Ip3
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Situation e

cation A (on the left side
ne plane) is infinitely far U

ay from location B

Fig4.4.6. N.E. Dam ©. Situation e. The charge qo is brought together with qi, q> and qs. The electric
potential energy thereby increases by Uo: + Uoz + Ups.

This is not the electric potential energy of the entire system, but only the electric
potential energy of qo relative to q1, qz2, q3. In the formula ro1 is the distance from qo
to qu1, likewise for roz and ro3 . Note, that U, pot q, is zero when qo is at an infinite
distance from all the charges (the initial state in situation d). If qo is brought together
with more charges than qi, q2 and q3, the formula for the potential energy is
expanded this way:

1 :
Ue pot g = {%‘h + dod2 + dod3 4 } _ Yo qi eq. 4.4.6
®  4mey 1oy To2 o3 41ey £ To;
1
This is the electric potential energy of qo relative to qi, gz, g3, ..., where roi is the

distance from qo to qi.
If we want to calculate the total electric potential energy of the entire system qo, q1,
gz, q3 , we should add the electric potential energy of qo relative to qi1, qz, g3
(eq.4.4.5) to the electric potential energy of q1, q2, q3 (eq.4.4.3). However, the total
electric potential energy for the entire system can also be calculated using eq.4.4.4
with four charges.

Situation d with negative charges q1, 92, g3

This situation should be compared to situation d in fig.4.4.5. The charges q1, qz2 , g3
are positive in fig.4.4.5 and negative in fig.4.4.7. This does not change the potential
energies. For example, the product q1qz in U1z is positive whether q1 and gz are both
positive or both negative.
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Situation d

cation A (on the left side
the plane) is infinitely far
vay from location B

Fig4.4.7. N.E. Dam ©. Situation d with negative charges qi, qz qs. When qo is brought together with
q1, Q2 q3, the electric potential energy decreases because we add negative values of Up1 + Upz + Ups.

Situation e with negative charges q1, gz, q3

The positive test charge qo is now moved towards qi1, qz2 , g3 and placed at some
position with finite distances relative to q1, qz, q3 as shown in fig.4.4.8. Thereby, qo
acquires negative electric potential energies Uo1, Uoz, Uo3 relative to the negative
charges q1, qz2, gs3.

If qo is placed between the charges qi, qz, g3 then the distances from qo to q1, q2, g3
will typically be smaller than the mutual distances between qi, gz, q3. Thereby, the
sum of the negative potential energies Uo1 + Uoz + Uos will dominate over the sum of
the positive potential energies Uiz + U13 + Uz3. Thereby, the total electrical potential
energy becomes negative.

When qo is passed from infinitely far away and in between q1, qz2, g3, then the total
potential energy decreases3 with |Uy; + Uy, + Ugs| as shown in fig.4.4.8 and in
fig.4.4.9.

Conversely, if we are to go backwards and lead qo back to infinitely far away from
the charges q1, qz, g3, then the potential energy increases by |Uy; + Uy, + Uys|, ie. we
must supply the so-called binding energy Uy, = |Ug; + Upy + Ugsl.

Now, it is recommended to solve Problem 4.2.

3 In fact we add the three negative potential energies Uy; + Uy, + Uy to the three positive potential

energies U1z + U1z + Uzs. Thereby, the total potential energy decreases by the amount [Uy; + Uy, + Ugs] -
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Fig.4.4.8. N.E. Dam ©. Situation e with negative charges qi, qz, qs. When qo is brought together with
q1, Q2 q3, the electric potential energy decreases because we add negative values of Up1 + Upz + Ups.
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Fig4.4.9. N.E. Dam ©. The transition from situation d to situation e with negative charges qi, qz, qs.
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4.5 Electric potential energy in a uniform field

Fig.4.5.1 shows a positive test charge qo, which moves from a to b in a uniform E-field
between two charged sheets#. The force is only in the x direction

F:Fx:qOE

Fig4.5.1. N.E. Dam ©. Charge qo moving away from the positively charged sheet towards the
negatively charged sheet parallel with the x-axis. The E-field in between the two charged sheets is
assumed to be uniform. In practice, it requires that the distance between the two sheets is small
relative to the extent of the sheets.

The work done by the electric force is
b b
W, = f F-dl=F f dx =F,(b—a)=qyE(b—a)=U, -U, eq.4.5.1
a a

Then
Ua=-qoEaand Upb=-qoEb eq.4.5.2

4 In a plate capacitor we have this situation with a uniform E-field between two charged sheets (the two capacitor plates).
The E-field is only uniform if the distance between the two charged sheets (the two capacitor plates) is small relative to the
size of the capacitor plates. We return to the capacitor in chapter 6.
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The work is positive, since the force has the same direction as the net displacement.
We may define this as "the natural direction of movement".
We may define x = 0 arbitrarily, and the zero point for the electric potential energy
may also be defined arbitrarily. In fig.4.5.1 we have defined x = 0 to be in the middle
between the two sheets.
If we inserta =-d/2 and b =d/2 into eq.4.5.2, we find

Ua=qoEd/2and Ub=-qoE d/2 eq.4.5.3

When the test charge moves the distance d from a to b, the total drop in electric
potential energy is qoEd .

If we inserta = 0 and b = x into eq.4.5.2, we find Ua = 0 and
Us=-qoE x eq.4.5.4

which is the electric potential energy of qo as a function of x.

Fig.4.6.1. N.E. Dam ©. Derivation of the torque
for an electric dipole in an E-field.
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4.6 Electric potential energy of an electric dipole

Repetition of the results from chapter 2

Fig.4.6.1 shows an electric dipole in an E-field. The electric dipole momentis
defined

The torque vectoris then

—

T=2FXF,=Pe XE eq.4.6.2
= |T| = |Pel |§| sin® eq.4.6.3
The relation between the work and the torque

As we have seen many times above, the electric potential energy is calculated in the
following way:

. Calculate the work Wab done by the electric force, when a charge is moved from a to
b. This work is equal to the drop in electric potential energy
Wab = -AUe pot = Ue pota — Ue potb €q464

. Then decide where the electric potential energy should be equal to zero. E.g. it could
be at point b.

. Finally we have Wab = Uepota  €q.4.6.5

In order to calculate the electric potential energy, we need to calculate the work.
Below we see how to calculate the work done by the force when the force is acting
on a rotating system like a dipole.

Fig.4.6.2. N.E. Dam ©. The relation between the
work and the torque.
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Fig.4.6.2 shows the situation when a force is pulling at the red point, which could be
the positive charge in a dipole.
As usual, the work is the scalar product between the electric force F_e> and the

displacement di
dW =F,-dl  eq.4.6.6

In words, the work is the projection of the force F. on dl times the distance moved
dlL

dW =F,-dl = F,-dl- cos(}) eq.4.6.7

where y (greek psi) is the angle between F_e) and dL.
Since cos(Y) = sin(g — ) and dl =R dO, we find

g1
dW = F, - (d]) - cos(¥) = F, (R d6) - sin (E - q;) eq.4.6.8
We have the following for the torque
= — —_— N — = — —> TC
=R xF, = [7| =t = [R||Fe| - sin(«R F.) = RF, - sin (E —)  eq.469

Now eq.4.6.8 becomes
dW=1td0 eq.4.6.10

If the dipole is rotating clockwise in fig.4.6.2, 0 is decreasing and df is negative. In
order to get positive work, we should use -d6 instead of d6 in eq.4.6.10

dW =—-1d6 eq.4.6.11

Calculation of the work done by the electric force and the electric
potential energy for the electric dipole

Fig.4.6.3 shows the calculation of the work done by the electric force, when the
electric force rotates the dipole.

When the dipole rotates from the angle 0a to Oy, we use eq.4.6.3 and eq.4.6.11 and get
the following calculation of the work done by the electric force

Op 0p eb
Wy, = (—1)d6 = (— pcEsin®) d6 = [p.E cos 6]
0a 0a 0,

= peE cos 0, — peE cos 0, = —AUe pot = Uepota — Ueporp €4.4.6.12
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Fig4.6.3. N.E. Dam ©. Calculation of the work done by the
electric force when the electric force rotates the dipole.

From this we identify that

Uepota = —PeE cos 6, eq.4.6.13
and

Ue potb = —PeE cos 8, eq.4.6.14

If we want the zero point for the electric potential energy at
0, = 90° eq.4.6.15

we get
Uepota = —PeE cos 6, = 0 eq.4.6.16

If we then remove index b in eq.4.6.14, we get the general expression for the electric
potential energy

Uepot = —PeE cos 8 = —P, -Eeq.4.6.17
According to eq.4.6.3 we have for the torque
T =p.Esin0 eq.4.6.3
Fig.4.6.4 shows the torque and the electric potential energy for an electric dipole

using the two equations above (eq.4.6.3 and eq.4.6.17). The figure also shows the
position of the dipole relative to the electric field.
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Fig.4.6.4. N.E. Dam ©. The torque and the electric potential energy for an electric dipole.



